A three-body semiclassical model is proposed to describe the nucleon transfer and emission reactions in a heavy-ion collision. In this model the two heavy particles, i.e. nuclear cores A 1 (Z A 1 , M A 1 ) and A 2 (Z A 2 , M A 2 ), move along classical trajectories R 1 (t) and R 2 (t) respectively, while the dynamics of the lighter neutron, n, is considered from a quantum mechanical point of view. Here, M i are the nucleon masses and Z i are the Coulomb charges of the heavy nuclei (i = 1, 2). A Faddeevtype semiclassical formulation using realistic paired nuclear-nuclear potentials is applied so that all three channels (elastic, rearrangement and break-up) are described in an unified manner. In order to solve these time-dependent equations the Faddeev components of the total three-body wave-function are expanded in terms of the input and output channel target eigenfunctions. In the special case when the nuclear cores are identical (A 1 ≡ A 2 ) and the two-level approximation in the expansion over target functions the time-dependent semiclassical Faddeev equations are resolved in an explicit way. To determine the realistic R 1 (t) and R 2 (t) trajectories of the nuclear cores a self-consistent approach based on the Feynman path integral theory is applied.
I. INTRODUCTION
When trying to describe nuclear collisions, compound and halo nuclei, or, for instance, complex nuclear fusion reactions, few-body models are extremely useful and can play a very important role in the field [1, 2] . For example, in works [3] [4] [5] the authors widely use various few-body models of complex nuclei for numerical computation of different systems and nuclear reactions. In an older paper [6] a detailed few-body approach has been developed for calculation of an important problem in nuclear astrophysics, namely the first two 0 + levels in the nucleus 12 C which was considered as a model three α-particle system [7] [8] [9] . Specifically, well known three-body Faddeev equations [10] were used in [6, 9] . Further, in the case of heavy-ion collisions a three-body semiclassical model has been introduced in [11] . Once again a Faddeev-type formulation was utilized featuring single-term separable (non-local) potentials between particles. For solution of the few-body equations a simplified semiclassical model was applied, where heavier nuclear cores of the system followed along straight-line classical trajectories. Therefore, the resulting model featuring the semiclassical Faddeev equations become a set of coupled time-dependent integral equations. More generally, in the case of the heavy ion collisions [12] various semiclassical models have been formulated and applied, see for example [13] [14] [15] . However, these approaches mainly used simple straight-line model trajectories [16] . Also, there are other interesting and important problems in the field of heavy-ion collisions such as neutron and a charge transfer and emission reactions [17] . In the framework of the Faddeev approach these channels can be treated in a unified manner.
Nontheless, in [14] an interesting attempt has been made to expand this process. In this work the author tried to apply a semiclassical Pechukas formalism [18] to obtain more realistic classical trajectories of heavy nuclear particles. Pechukas's method was originally developed for atomic, molecular collisions and chemical reactions. This theory expands on Feynman's interpretation of quantum-mechanics, which is based on path integrals [19] .
Usually, semiclassical methods and models, such as [18] , allow us to gain even deeper insight into different few-body or many-body physical systems. They also enable us to introduce even more realistic classical trajectories of heavier particles in models, i.e. to take into account quantum-mechanical corrections in a self-consistent manner [18] .
Generally speaking, such a combination of few-body models and methods together with semiclassical models, where the dynamics of heavier particles can be separated from the dynamics of lighter particles, seems to be quite useful. The same approach has already been developed and widely used in some problems of chemical physics for molecular dynamics [20] and even for the description of many body systems, see for example [21] .
In the current work we develop a semiclassical model for a few-body treatment of neutron transfer and emission reactions in heavy ion collisions at different impact energies. The (A 1 , n) + A 2 system is shown in Fig. 1 , where A 1 and A 2 are the heavy nuclear cores which move along classical trajectories R 1 (t) and R 2 (t). The inter-distance vector R 12 (t) = R 1 (t) − R 2 (2) is also shown in Fig. 1 together with the coordinate r of the third particle, i.e.
neutron n, ρ is the impact parameter, v 1 ( v 1 ′ ) and v 2 ( v 2 ′ ) are the initial (final) velocities of the heavy particles, O is the center-of-mass of the three-body system. The semiclassical model of a time-dependent set of Faddeev equations is used. However, in contrast to Revai's approach [11] we formulate the model with the use of two local (realistic) paired nuclearnuclear potentials between the A 1 particle and n and between A 2 and n. The heavy nuclei
while the motion of the relatively light neutron n (m n ≪ M A i ) in their nuclear fields is treated from a quantum mechanical point of view. In this model the heavy particles can move along complex Coulomb trajectories. This problem is particularly important for lower energy collisions and small impact parameters, i.e. at ρ ≈ 0: when the use of simple straightline trajectories does not provide an appropriate approximation [22] . In this work we employ a self-consistent Pechukas method [18] which provides a proper way to determine the true trajectories of the heavy classical particles [14, 22] . In the next section we will delineate our semiclassical formalism. The self-consistent Pechukas approach is also explained and applied to the three-body semiclassical system as shown in Fig. 1 .
II. SEMICLASSICAL MODEL
In this section a few-body semiclassical model for a single neutron, n, transition from one heavy center to another and n-emission process when the particle reaches the continuous spectrum is presented. In order to describe these processes in a unified way the few-body Faddeev equation approach is applied. To solve these equations a modified close coupling method is used in this work [23] . This method provides a set of coupled time-dependent differential equations with unknown expansion coefficients.
A. Time-dependent few-body Faddeev equations
The time-dependent integral differential Faddeev equations [10] can be delineated:
here H 0 is the kinetic energy operator of the three particles:
r jk and R l are the Jacobi coordinates, µ jk and M l the corresponding reduced masses, V jk the two-body potentials. As mentioned above we consider the third particle (neutron, electron or muon) to be the light one, i.e.:
Then, the heavy particles 1 and 2 can be considered as moving along classical trajectories
and R 2 (t). For the treatment of this situation and description of the light particle dynamics we use instead of three coupled, time-dependent Faddeev equations just two
Faddeev-like equations [24, 25] :
Here, R(t) is the relative vector between particles A 1 and A 2 , where the time dependence is determined according to classical mechanics. The motion of the light particle 3 (n -neutron)
is treated quantum mechanically, p r = ∇ r /i is the momentum operator corresponding to the relative variable r between third particle n and the center of mass of particles A 1 and A 2 .
The relative vectors in the subsystems (13) and (23) are denoted by x and y, respectively.
To solve these equations (5), we expand the wave function components Ψ k ( r, R(t), t) into the solutions Φ k3 n ( r, R(t), t) of the respective subsystem's Schrödinger equation:
That is, we can write
the summation (integration) runs accross the whole discrete and continuous spectrum. For
the functions ϕ k3 n as being given by
Inserting the expansion (7) into (5), we obtain for the coefficients C k n a set of coupled equations:
where
The matrix elements W jk nm (R(t), t) are obtained by integrating the potentials in Eq. (5) between the channel functions (8),
The equations (5) are then to be solved under the initial conditions
which implies that for the coefficients C j n ( R(t), t):
For reactions at low energies the relative nuclear velocities are practically zero in the respective unities. The exponential factor in eq. (8), hence, can be replaced by the unit and the matrix elements (13) which simplifies to:
In order to obtain the capture probabilities |C 2 n (t ∼ ∞)| 2 we have to solve the system of coupled ordinary differential equations (10)- (11) . Note that its ingredients and initial conditions are described in (12) , (15) and (16) . When solving the resulting coupled set of equations for the expansion coefficients, it is observed that its solutions C k n ( R(t), t) tend toward an asymptotic value C k n (ρ) which depends, of course, on the impact parameter ρ. The elastic and transfer semiclassical cross sections of the three-particle collisions are [18] :
and
respectively, where (dσ/dΩ) cl is the cross section of the classical scattering of A 1 and A 2 which are heavy nuclear cores. For the break-up channel of the reaction one can delineate:
where W b−up is the neutron emission probability and k 0 (t) is its wave function in the continuous spectrum:
that is:
finally one can obtain the following formula for the three-body break-up, i.e. neutron emission process:
The triple-differential cross section of this process is:
B. Application of Pechukas's self-consistent approach
To obtain the true trajectories of the heavy classical particles or nuclear cores
and A 2 (Z A 2 , M A 2 ) one can employ the Pechukas self-consistent method [18] based on the Feynman path-integral theory [19] . In accordance with the method a reduced propagator containing exact information about the reaction β → α can be written using continual integration
where S 0 [ R(t)] is the classical action of the heavy particle moving along R(t); T αβ [ R(t)] are the transition amplitudes used for finding a quantum particle at t 2 in the state |α if at t 1 it was in the state |β . Obviously T αβ is related with the model which was discussed above and determined from Eqs. (10) - (15) . Now one should impose a proper limit for the scattering or transfer problem, i. e. t → ∞, D[ R(t)] is the measure of continual integration.
The time-dependent behaviour of the amplitudes T αβ is determined by the Hamiltonian h(t) [18] :
In accordance with the self-consistent method [18] a basic variational principle is:
Variation of Eq. (26) gives the Newton equations for the dynamics of classical particles in the effective potential field V( R(t)). It takes into account an interplay between the classical and quantum degrees of freedom in the semiclassical system, i.e. quantum-mechanical corrections from the third particle n [18] :
Here, |α(t, t ′′ ) and |β(t, t ′ ) are two solutions of the time-dependent Schrödinger equation
with different boundary conditions [18] :
Therefore
Next, because the Coulomb potential U c (R t ) between A 1 and A 2 is a constant (c-number)
in the quantum r-space one can write down:
The three-body hamiltonian is:
Thus, the classical part of the three-body problem (A 1 , A 2 , n) can be resolved in a selfconsistent way. In practice, it can be realized, for example, by few iterations: 1) for an arbitrary R (0) (t), e.g. straight-line trajectories, we solve the quantum part of the problem.
The Eqs.(10) -(15) should be solved to get the unknown amplitudes C 1 n (t → ∞) and C 2 n (t → ∞) as time-dependent functions. 2) Now the effective potential V( R(t)) can be computed. To determine R (1) (t) one can employ the expression [27] 
where J = ρ √ 2ME; ρ is an impact parameter; E is a collision energy and M is the reduced mass of the nuclear cores
. Within the next step one needs to compute R j points as a function of time t j . In order to obtain a smooth function one can make a spline R (1) (t) = α Z αj (t − t j ) α , t j ≤ t ≤ t j+1 and obtain a first approximation for R (1) (t), and so on (i=1, 2, 3,.., iterations). The cross-section for the reaction is [18] , [27] :
here r m is a maximum of R when the root is zero.
III. QUOTIENT ANALYTICAL SOLUTION OF THE SEMICLASSICAL FAD-DEEV EQUATIONS
In this section we consider a special case of a neutron transfer reaction when the heavy
are identical particles and then we restrict ourselves to the two-level approximation in the expansion (7), i.e. n = m = 1. To describe the matrix elements we delineate:
and the binding energies in the two channels are equal too:
. So it turns out that the equations (10)- (11) can be solved in an explicit way:
Now, taking into account that:
energy, M is the reduced mass, e is the elementary charge. Thus, the three-body transfer cross section can be written down as:
Here θ is the scattering angle of the classical particles [27] :
and also from [27] :
where amplitudes C (A 1 ,n) and C (A 2 ,n) are from Eqs. (40)-(41).
Now one can do the following: in the first step (or we could name it as a zero-th (0-th) approximation) we only retain the Coulomb interaction in the effective potential V (0) (R t ) = (Z A 1 Z A 2 )e 2 /R, and then calculate the 0-th approximation to the amplitudes C
(∞). In the second step we can then compute the quantum corrections to the effective potential V (1) (R t ) then in the first approximation one can compute the amplitudes
(∞) and of course one could continue the process if desired.
Let us write down the matrix element W(R(t))
where V j3 (x) is a local interaction, e.g. a potential pit for the bound system 16 O-n which gives bound states and ϕ
( r − R j (t)) are its wave functions. The results obtained can be used to describe the one n-transfer reaction between two 16 O nuclei. This example has also been numerically calculated in [11] using single-term separable potentials and straight-line trajectories. In the framework of the current formalism the simple expressions (43)-(46) and (54) have been derived by taking into account the Coulomb potential between nuclear cores and using the local nuclear potentials between A i and n (i = 1, 2). The elastic and transfer reaction cross-sections are obtained using the self-consistent Pechukas method. In turn the Pechukas method takes into account the interplay between the classical and quantum degrees of freedom in the semiclassical system and is consistent with the conservation laws of energy and angular momentum [18] .
It is essential to note here, that the same consideration as above could be carried out for the three-body break-up channel. This is a very attractive and complicated problem in the field of the heavy-ion collisions. Namely, a neutron emission reaction and/or a charge particle, such as the α-particle emission process. In the case of such reactions, for instance the α-particle emission, in Eqs. (19)- (22) we would need to apply Coulomb asymptotic wave function in the three-body continuum. Obviously, the effective potential between the heavy particles A 1 and A 2 will also be different in the three-body break-up channel.
IV. CONCLUSION
We have formulated a semiclassical approach for a model three-body system with two heavy nuclear cores A 1 and A 2 moving along classical trajectories and a lighter particle n, i.e. neutron. The three-body system is shown in Fig. 1 . The quantum dynamics of n is described based on the few-body quantum-mechanical Eqs. (4)- (5) with realistic (local) nuclear-nuclear potentials V 13 ( x) and V 23 ( y). The classical dynamics of A 1 and A 2 are described based on Newtonian (non-relativistic) mechanics Eq. (27) . However, this becomes important, with the use of the Pechukas self-consistent method we could take into account the interplay between classical and quantum degrees of freedom in the system and thereby obtain even more realistic trajectories for the classical particles. Therefore, the proposed method is divided into two parts: the 1st part is the quantum-mechanical problem for a lighter particle "n" dipped into the nuclear potential pits of the heavy particles A 1 and A 2 , the second part is the classical problem for two heavy nuclear cores interacting by the quantum and classical (Coulomb) self-consistent potential V( R(t)), i.e. Eqs. Therefore, two-body subsystems are treated in an equivalent way and the correct asymptotic is guaranteed [23] . The current method simplifies the solution procedure and provides the correct asymptotic behavior of the solution. Finally, the Faddeev-type equations have the same advantages as the original Faddeev equations, because they are formulated for the three-body wave function components Ψ 1 ( r, R(t), t) and Ψ 2 ( r, R(t), t) with correct physical asymptotes.
In the solution of the time-dependent Eqs. (4)- (5) one needs to consider the number of channels n which are needed to be included in the close-coupling expansion (7). This is an important issue, because n controls the number of coupled differential equations to be numerically solved, i.e. Eqs. (10) 
In conclusion, as mentioned in the introduction, few-body semiclassical models in nuclear physics can help us gain deeper insight into complex nuclear processes. Specifically, in the case of identical heavy nuclei and a two-level approximation in the expansion (7) the resulting set of coupled differential Eqs. (10)- (11) can be resolved analytically, i.e. expressions (40)-(41). This analytical solution might be useful, for example, in the investigation of the nucleus 13 C, e.g. in the collision 13 C + 12 C → 12 C + 13 C; 12 C + 12 C + n. The structure of 13 C=( 12 C, n) can be important for low energy reactions in the s-process neutron source in stars 13 C(α, n) 16 O, see for example [28] [29] [30] . Also, we would like to note, that a possible relativistic expansion of the semiclassical theory presented above in this paper would be a very useful future work. 
